We define Lie algebroids over infinite jet spaces and establish their equivalent representation through homological evolutionary vector fields. Keywords: Lie algebroid, BRST-differential, Poisson structure, integrable systems, string theory.
Introduction. The construction of Lie algebroids over smooth manifolds is important in differential geometry (particularly, in Poisson geometry) and appears in various models of mathematical physics (e.g., in Poisson sigmamodels). We extend the classical definition of Lie algebroids over smooth manifolds [1] to the construction of variational Lie algebroids over infinite jet spaces. We define these structures in a standard way via vector bundles and also through homological vector fields Q 2 = 0 on infinite jet super-bundles, then proving the equivalence. Our generalization of the classical construction manifestly respects the geometry which appears under mappings between smooth manifolds. For this reason, the variational picture, which we develop here, more fully grasps the geometry of strings in space-time [2] .
First, we very briefly recall the definition of classical Lie algebroids; we refer to [1] for more details (see also [3] or the surveys [4] and references therein). The standard examples of Lie algebroids over usual manifolds are the tangent bundle or the Poisson algebroid structure of the cotangent bundle to a Poisson manifold. At the same time, Lie algebras are toy examples of Lie algebroids over a point. Likewise, we view smooth manifolds M m as (very poor) 'infinite jet spaces' for mappings of the point into them, so that the manifolds become 'fibres' in the 'bundles' π : M m → {pt}. This very informal (but equally productive !) understanding is our starting point. We shall show what becomes of the Lie algebroids over M m under the extension of the base point to an n-dimensional manifold Σ n , which yields a true jet bundle J ∞ (Σ n → M m ). Our results are structured in this paper as follows. It is readily seen that a literal transfer of the classical definition, see p. 3, over smooth manifolds to the infinite jet bundles is impossible because the Leibniz rule (1) is lost ab initio (to the same extent as it is lost for the commutators of evolutionary vector fields or for the variational Poisson bracket [5] ). For this reason, in section 1 we take, as the new definition, an appropriate consequence of the classical one: namely, the commutation closure for the images of the anchors. (Remarkably, this is often postulated [for convenience, rather than derived] as a part of the definition of a Lie algebroid, e.g., see [1, 3] vs [6, 7] .) In these terms, our main result of [8] states that the non-periodic 2D Toda equations associated with semi-simple complex Lie algebras [9] , being the representatives for the vast class of hyperbolic Euler-Lagrange systems of Liouville type [10] , are variational Lie algebroids. Remark 1. We duly recall that Lie algebroids over the spaces of finite jets of sections for the tangent bundle π : T Σ → Σ n were defined in [11] . However, in this paper we let the vector bundle π be arbitrary. Instead of the tangent bundle (as in [11] ), we use model examples of a principally different nature. Namely, our illustrations come from the geometry of differential equations: e.g., we address Hamiltonian (non-)evolutionary systems [12] or the 2D Toda chains [9] , the solutions of which are r functions in two variables for every semi-simple complex Lie algebra of rank r. In other words, we analyse the general case when the base and fibre dimensions in the bundle π are not related.
In section 2, we represent the structure of a variational Lie algebroid A, defined in the above sense, by the homological evolutionary vector field Q on the infinite jet bundle to ΠA viewed as the vector bundle with parity reversed fibres. This is again nontrivial due to the use of the Leibniz rule (now missing) in the equivalence proof for the classical definition. We also impose the natural nondegeneracy assumption on the variational anchors so that the odd field Q is well defined. To illustrate our assertion, we let the variational anchors be Hamiltonian differential operators and obtain the fields Q which are themselves Hamiltonian with respect to the corresponding variational Poisson bi-vectors and the canonical symplectic structure of [13] .
In the sequel, the ground field is R and all mappings are supposed to be C ∞ -smooth. Likewise, we suppose that all total differential operators are local (i.e., polynomial in total derivatives). We assume that all spaces are purely even, i.e., that the manifolds are not superized, unless we state the opposite explicitly when using the parity reversion Π. We employ the standard techniques from the geometry of differential equations [5, 14] ; for convenience, we summarize the necessary notions in the beginning of section 1. Because all our reasonings are local, we can conveniently restrict to local charts and, instead of the jet bundles for mappings Σ n → M m of manifolds, we consider the jet spaces for m-dimensional vector bundles π : E m+n → Σ n . By default, we define all structures on the empty infinite jet spaces, identifying autonomous evolution equations with evolutionary vector fields, which is standard. The delicate interplay between the definitions of all structures at hand on the empty jet spaces and on differential equations would require a much longer description; this will be the object of another paper. In the meantime, we refer to the review [12] .
We follow the notation of [8, 15, 16] , borrowing it in part from [4, 5, 14] . This paper is a continuation of the papers [8, 16] , to which we refer for motivating examples of variational Lie algebroids. Some of the results, which we present here in detail, were briefly reported in the preprint [17] . 
holds for any X, Y ∈ ΓΩ and any f ∈ C ∞ (M m ).
Essentially, the anchor in a Lie algebroid is a specific fiberwise-linear mapping from a given vector bundle over a smooth manifold M m to its tangent bundle. This property is a consequence of the Leibniz rule (1) and the Jacobi identity for the Lie algebra structure [ , ] A in ΓΩ.
Lemma 2 ([1]
). Equivalently, a Lie algebroid structure on Ω is a homological vector field Q on ΠΩ (take the fibres of Ω, reverse their parities, and thus obtain the new super-bundle ΠΩ over M m ). These homological vector fields, which are differentials on
where
• (p i ) are local coordinates along the d-dimensional fibres of Ω and (b i ) are the respective coordinates on ΠΩ, and 2 of the odd vector field Q with itself is a vector field. Its coefficient of ∂/∂u α vanishes because A is the Lie algebra homomorphism by Lemma 1. The equality to zero of the coefficient of ∂/∂b q is achieved in three steps. First, we notice that the application of the second term in (2) to itself by the graded Leibniz rule for vector fields yields the overall numeric factor 1 4 , but it doubles due to the skew-symmetry of the structural constants c k ij . Second, we recognize the right-hand side of the Leibniz rule (1), with c
Third, we note that the cyclic permutation i → j → n → i of the odd variables b i , b j , b n does not change the sign of (3). We thus triple it by taking the sum over the permutations (and duly divide by three) and, as the coefficient of ∂/∂b q , obtain the Jacobi identity for [ , ] A ,
The zero in its right-hand side calculates the required coefficient. Thus, Q 2 = 0.
Variational Lie algebroids
For consistency, we first summarize the notation. Let Σ n be an n-dimensional orientable smooth real manifold, and let π :
we denote the infinite jet space over π, and we set π ∞ : J ∞ (π) → Σ n . We denote by u σ , |σ| ≥ 0, its fibre coordinates. Then [u] stands for the differential dependence on u and its derivatives up to some finite order, and we put
, understanding it in the standard way (as the inductive limit of filtered algebras, see [5] ).
Let ξ : N → Σ n be another vector bundle over the same base Σ n and take its pull-back π * [18] . Example 1. Three horizontal F (π)-modules are canonically associated with every jet space J ∞ (π), see, e.g., [18] . First, let ξ := π, whence we obtain the
. Its sections ϕ ∈ κ(π) are in a one-to-one correspondence with the π-vertical evolutionary derivations
Second, let ξ be the qth exterior power of the cotangent bundle T * Σ, here q ≤ n. Taking the pull-back π * ∞ (ξ), we obtain the horizontal F (π)-modulē Λ q (π) of its sections, which are the horizontal q-forms on the jet space J ∞ (π). In local coordinates, they are written as h x,
Thirdly, take the moduleΛ
Remark 2. The structure of fibres in the bundle ξ can be composite and their dimension infinite. With the following canonical example we formalize the 2D Toda geometry [8] . Namely, let ζ :
with r-dimensional fibres in which w = (w 1 , . . ., w r ) are local coordinates. Consider the infinite jet bundle ξ ∞ :
To avoid an inflation of formulas, we shall always briefly denote by ΓΩ ξ π the horizontal F (π)-module at hand.
By definition, mappings between F (π)-modules are called total differential operators if they are sums of compositions of F (π)-linear maps and liftings of vector fields from the base Σ n onto J ∞ (π) by the Cartan connection ∂/∂x → d/dx. The main objects of our study are total differential operators (i.e., matrix, linear differential operators in total derivatives) that take values in the Lie algebra
Definition 2. Let the above assumptions and notation hold. Consider a total differential operator A : ΓΩ ξ π → κ(π) the image of which is closed under the commutation in g(π):
The operator A transfers the Lie algebra structure
is the variational Lie algebroid A over the infinite jet space J ∞ (π), and the Lie algebra homomorphism A is the variational anchor.
Essentially, the variational anchor in a variational Lie algebroid is a specific linear mapping from a given horizontal module of sections of an induced bundle over the infinite jet space J ∞ (π) to the prescribed horizontal module of generating sections for evolutionary derivations on J ∞ (π).
Example 2. Consider the Hamiltonian operator
•w, which yields the second Poisson structure for the Korteweg-de Vries equation
Example 3. In [16] we demonstrated that the dispersionless 3-component Boussinesq system of hydrodynamic type admits a two-parametric family of finite deformations [ , ] ǫ for the standard bracket [ , ] of its symmetries sym E. For this, we used two recursion differential operators R i : sym E → sym E, i = 1, 2, the images of which are closed under commutation and which are compatible in this sense, spanning the two-dimensional space of the operators R ǫ with involutive images. We obtain the new brackets [ , ] ǫ via (5) (c.f. [19] and references therein):
Remark 3. We standardly regard autonomous evolution equations as the π-vertical evolutionary vector fields on the infinite jet bundles J ∞ (π) for vector bundles π over Σ n ∋ x. We thus reduce the construction at hand to the "absolute" case of empty jet spaces.
Generally, there is no Frobenius theorem for the involutive distributions spanned by the images of the variational anchors. Nevertheless, the EulerLagrange systems E of Liouville type provide an exception [8, 10] [20] , are ϕ x = x p(x) or ϕ y = y p(y) , where p andp are arbitrary smooth functions and
(p) · q for any p(x) and q(x), and similarly for y .
Example 5. Two distinguished constructions of the variational Lie algebroids emerge from the variational (co)tangent bundles over J ∞ (π), see Example 1 and Remark 2. These two cases involve an important intermediate component, which we regarded as the Miura substitution in [8] .
Namely, consider the induced fibre bundle π * ∞ (ζ) and fix its section w. Making no confusion, we continue denoting by the same letter w the fibre coordinates in ζ and the fixed section w[u] ∈ Γ π * ∞ (ζ) , which is a nonlinear differential operator in u.
Obviously, the substitution w = w[u] converts the horizontal F (ζ)-modules to the submodules of horizontal F (π)-modules.
1 By this argument, we obtain the modules
where the latter is the module of sections of the pull-back by π * ∞ for theΛ n (ζ)-dual to the induced bundle ζ * ∞ (ζ). We emphasize that by this approach we 1 For instance, we have ζ = π for the recursion operators κ(π) → κ(π), see Example 3. It is standard to identify the domains of Hamiltonian operators with κ(π), see Example 2. Here we set w = id : Γ(π) → Γ(ζ) in both cases; this is why the auxiliary bundle ζ becomes "invisible" in the standard exposition (e.g. in [18, 21] . Respectively, the operators of second kind obey the rule A →Ã = ℓ
, where the symbol † denotes the adjoint operator. The recursion operators with involutive images, which we addressed in [16] , are examples of the anchors of first kind. All Hamiltonian operators and, more generally, Noether operators with involutive images are variational anchors of second kind [16] . The operators , that yield symmetries of the Euler-Lagrange Liouville-type systems are also anchors of second kind [8, 15] ; they are 'non-skew-adjoint generalizations of Hamiltonian operators' [10] in exactly this sense.
In the remaining part of this section we analyse the standard structure of the induced bracket [ , ] A on the quotient of ΓΩ ξ π by ker A. By the Leibniz rule, two sets of summands appear in the bracket of evolutionary vector fields A(p), A(q) that belong to the image of the variational anchor A:
In the first summand we have used the permutability of evolutionary derivations and total derivatives. The second summand hits the image of A by construction. Consequently, the Lie algebra structure [ , ] A on the domain of
Thus, the bracket [ , ] A , which is defined up to ker A, contains the two standard summands and the bi-differential skew-symmetric part {{ , }} A ∈ CDiff ΓΩ(ξ π ) × ΓΩ(ξ π ) → ΓΩ(ξ π ) . For any p, q, r ∈ ΓΩ(ξ π ), the Jacobi identity for (9) is
The underlined summand contains derivations of the coefficients of {{ , }} A , which belong to F (π). Even if the action of evolutionary fields ∂ Formulas (5) and (9), formula (10), and (10 ′ ) will play the same role in the proof of Theorem 3 in the next section as Lemma 1 and, respectively, formulas (4) and (1) [or (3)] did for the equivalence of the two classical definitions.
Homological evolutionary vector fields
In this section we represent variational Lie algebroids using the homological evolutionary vector fields Q on the infinite jet super-bundles that we naturally associate with Definition 2. To achieve this goal, we make two preliminary steps. Namely, we first identify the odd neighbour 2 J ∞ (Πξ π ) of the infinite horizontal jet bundle J ∞ (ξ π ) over J ∞ (π). Second, we impose the conditions upon the variational anchors A such that the resulting homological field Q becomes well defined on J ∞ (Πξ π ); here we use the method which we already applied in [8] .
We recall that, by construction, the bundle ξ π : Ω(ξ π ) → J ∞ (π) is induced by π ∞ from the vector bundle ξ over the base Σ n . Let us consider the horizontal infinite jet bundle J ∞ (ξ π ) for the vector bundle π * ∞ (ξ) over J ∞ (π), see [12, 18, 21] for more details and examples. Finally let us reverse the parity of the fibres in the bundle J ∞ (ξ π ) → J ∞ (π), we thus denote by Π : p → b the parity reversion; right below we recall what the variables p and b are. This yields the horizontal infinite jet super-bundle, which we denote by J ∞ (Πξ π ), over J ∞ (π). We now summarize the notation:
• x is the n-tuple of local coordinate(s) on the base manifold Σ n ;
• u σ , where |σ| ≥ 0, are the jet coordinates in a fibre of the bundle
• p is the fibre coordinate in the induced bundle π * ∞ (ξ) over J ∞ (π), and p, p x , . . ., p τ with any multi-index τ are the fibre coordinates in the horizontal infinite jet bundle J ∞ (ξ π ) over it;
• b, b x , . . ., b τ , where |τ | ≥ 0, are the odd fibre coordinates in the horizontal infinite jet super-bundle J ∞ (Πξ π ) → J ∞ (π);
• the variational anchor A, being a linear differential operator in total derivatives, is a fiberwise linear function on either J ∞ (ξ π ) or J ∞ (Πξ π ) and takes values in κ(π), which is the space of generating sections for evolutionary vector fields on J ∞ (π);
A is the bracket (9) on ΓΩ(ξ π ). It is defined up to the kernel of A; we now take any representative of the bi-differential operation {{ , }} A from the equivalence class and tautologically extend it to the bi-linear function on the horizontal jet space.
Over each point θ ∞ ∈ J ∞ (π), the odd fibre of the horizontal infinite jet superbundle J ∞ (Πξ π ) contains the linear subspace ker A that is determined by the (infinite prolongation of the) linear equation A θ ∞ (b) = 0. It is important that the linear space of its solutions does not depend on the point [b] in the fibre, because the differential operator A θ ∞ depends only on the base point θ ∞ ∈ J ∞ (π) and the equation is linear. To eliminate the functional freedom in the kernel of A, we require that the operator A be nondegenerate in the sense of [8] :
Theorem 3. Let A be a nondegenerate variational anchor and all above assumptions and notation hold. Whatever be the choice of the bracket {{ , }} A mod ker A, the following odd evolutionary vector field on the horizontal infinite jet super -space J ∞ (Πξ π ) is homological :
Moreover, either there is a unique canonical representative in the equivalence class Q mod ∂ (b)
n of such fields in the fibre of
n is a symmetry of the kernel, or, when the anchor A is close to degenerate in the sense below, the uniqueness is achieved by fixing {{ , }} A on (at most) the boundary of a star -shaped domain centered at the origin of the fibre over θ ∞ in some finite-order horizontal jet space J |τ | (Πξ π ), |τ | < ∞. 
bbx . This is the simplest example that involves a nontrivial differential polynomial of degree two in the anti-commuting variable(s) b and its derivatives.
Proof of Theorem 3. The anticommutator [Q, Q] = 2Q
2 of the odd evolutionary vector field is an evolutionary vector field itself. Hence it suffices to find only the coefficients of ∂/∂u and ∂/∂b in it; by construction, all other terms are the respective total derivatives of these two.
We first consider the odd velocity of u; it equals
Since b is odd, we double the minuend as follows:
By the definition of {{ , }} A in (8) (9) , the expression in parentheses equals zero. Second, the coefficient of ∂/∂b is equal to We now triple this expression by taking the sum over the cyclic permutations p → q → r → p, which does not contribute with any sign. The result is one-sixth of the Jacobi identity (10 ′ ). This proves our first claim.
We have established that Q 2 = 0 for any choice of the bracket {{ , }} A + n([b]), where n ∈ ker A is arbitrary. On one hand, the linear subspace ker A in the horizontal jet fibre over a point θ ∞ ∈ J ∞ (π) does not depend on a point [b] of that fibre. On the other hand, the representative n ∈ ker A can be nonzero and, in principle, depend on a point of the fibre. We claim that n can be either trivialized or normalized in a well defined way uniformly on the entire fibre. Obviously, the differential order of the bracket {{ , }} A is finite and does not exceed the sum of differential orders of the operator A and of its coefficients, which may depend on [u] . This implies that n = n (b, . . . , b τ ) · (b, . . . , b τ ) with |τ | < ∞. For the odd b, . . ., b τ , take all pairwise products
that are not identically zero, and construct the m-tuple n = ∇(ψ) using the undetermined coefficients: let ∇ α β ∈ R and n α = ∇ α β · ψ β . The hypothesis n = 0 formally does not contradict our initial assumption of A being nondegenerate, because the section ψ thus obtained is not arbitrary (there may be fewer free parameters than the number of components in it due to the presence of polynomial relations between the components). If there are no such nontrivial ∇, the proof is over. However, suppose there is a solution ∇ = 0. Then, under the rescaling by λ ∈ R in the fibre, the deviation n(λ) ∈ ker A from the normalization n ≡ 0 at the origin grows quadratically in λ. Therefore, to finally fix the bracket {{ , }} A , it is sufficient to assign the values to n at the points on the boundary of a central-symmetric star-shaped domain, centered around the origin in the finite-dimensional fibre over θ ∞ of the finite jet space J |τ | (Πξ π ). By this argument, we normalize {{ , }} A on the entire fibre of J ∞ (Πξ π ). This defines the canonical representative Q in the class (11) on this fibre. The proof is complete.
Remark 4. In the beginning of the proof, we used the postulated property of the variational anchor A to be the Lie algebra homomorphism. The next part of the proof holds due to the skew-symmetry of {{ , }} A , the universal Leibniz rule for derivations, and the Jacobi identity for [ , ] A . In a sense, it is possible to regard the summands in (10 ′ ) as the right-hand side of a new 'Leibniz rule' for the bracket (9) in the variational Lie algebroid.
Remark 5. The homological evolutionary vector field (11) is quadratic in the odd variable b or its derivatives, and contains no free term. Suppose, however, that this degree is arbitrary positive (possibly, infinite) and all other assumptions still hold. This yields the Schlessinger-Stasheff homotopy deformation [22] of the Lie algebra structure in ΓΩ(ξ π ), [ , ] A . Namely, the Jacobi identity [Q, Q] = 0 involves now not only the binary bracket [ , ] A , but also ternary, quadruple, and other N-ary skew-symmetric brackets with the numbers of arguments N ≥ 3, see [2, 3, 22, 23] and references therein.
The non-existence of the variational N-vectors at N ≥ 3 for all evolutionary systems with invertible symbols 3 of differential order greater than one was argued in [24] , see references therein. This now states the rigidity, in the homotopy sense, of the variational Poisson algebroid structures determined by Hamiltonian operators for such equations. However, the variational Poisson algebroids for equations that can not be cast to the above form (e.g., for gauge systems) may admit homotopy deformations.
Variational master equation: an illustration. Let us study in more detail the properties of the homological vector field (11) if A : κ(π) → κ(π) is a Hamiltonian differential operator and thus its arguments p are the variational covectors. 4 Under this assumption, the induced velocityṗ is known (see formula (12) below) whenever the evolutionu = A(p) is given. The evolutionary vector field (11) on the horizontal jet super-bundle J ∞ (Π π π ) was recently obtained in [21] for Hamiltonian operators A from exactly this initial standpoint: the coefficient of ∂/∂b was postulated once and forever by formula (12) and was not regarded as the bracket {{b, b}} A , whereas the quadratic equation Q 2 = 0 upon the skew-adjoint operators A then yields variational Poisson structures.
In the variational Poisson case, the homological vector field (11) can indeed be calculated explicitly for every Hamiltonian operator A. Moreover, this field Q is itself Hamiltonian with respect to the variational Poisson bivector H = 1 2 A(b) · b and the canonical symplectic structure [13, 25] on the horizontal infinite jet super-space J ∞ (Π π π ). We illustrate this standard algebraic fact by using techniques from [12] .
The bracket {{ , }} A for Hamiltonian operators A emerges from the Jacobi identity for the Lie algebra H n (π), { , } A of the Hamiltonian functionals endowed by A with the Poisson bracket. Following the notation of the book [26] , we put ℓ (u) A,ψ (ϕ) := ∂ ϕ (A) (ψ) for any ϕ ∈ κ(π), ψ ∈ κ(π), and a total differential operator A ∈ CDiff( κ(π), κ(π)). We note that ℓ
(u)
A,ψ is an 3 It is readily seen that this assumption depends on the choice of local coordinates. We conjecture that the same assertion holds for higher-order evolutionary systems with the nondegenerate linearizations of their right-hand sides.
4 By definition, the variational covectors are homomorphisms from the space κ(π) = Γ π * ∞ (π) of generating sections ϕ for evolutionary derivations ∂ ϕ to the space of n-th horizontal differential forms on J ∞ (π) fibred by π ∞ over Σ n . This implicitly requires to choose the volume form dx on the base and thus fix the coupling , between the variational covectors and evolutionary vector fields. In these terms, the homological vector field Q for a Hamiltonian operator A is a BV-field and not just a BRST-field, see [2] . discussions and remarks. One of the authors (A. K.) is grateful to the organizing committee of the International Workshop "Nonlinear Physics: Theory and Experiment VI" for the warm hospitality. A. K. thanks the IHÉS, SISSA, and CRM (Montréal) for financial support and hospitality.
